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The Schrodinger equation 
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The Schrodinger equation governs the motion of a particle in one dimension in a 
potential V{x). 
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The term in parentheses can be interpreted as an operator acting on the wavefunction 
called the Hamiltonian. 
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corresponds to classical energy 
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Note. " indicates operator 

The Schrodinger equation (SE) can be written as 
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ih—^{x,t) = Hm{x,t) 
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Properties of the SE 

Unlike the wave equation for EM fields in vacuum, 

^9? 



dx'^ 



E = 0, 



or Newton's equation 

the SE is first-order in time. 



mx — F{x), 
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It is sufficient to specify ^(a;,t = 0) to calculate ^(a;,t) at all later times t. For 
second-order equations we need to specify both the function and its derivative, 
or equivalently, position and momentum at i = to determine the solution at 
later times. 
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• The particle position and the particle momentum are simultaneously encoded 
in the wave function ^'(a;,t). This property is associated with the fact that 
\l/(a;, t) is complex. 

Example. Monochromatic electric field traveling to the right: 

E_^(x,i) = EoCOs(A;x - real. (10-8) 

We sometimes use complex notation: 

E = Eoe^'^^-^'^* (10-9) 

but it is always assumed that we calculate electric field as real part. Wave traveling 
left: 

E^(a;, t) = Eo cos{kx - ut) (10-10) 
To know whether the wave is traveling left or right we need to know E. The QM 




Figure I: Snapshot of real electric field at any fixed time (e.g. t = 0) does not reveal 
direction of travel. We need time derivative to specify direction of travel (direction 
of momentum). 

wavefunction is truly complex: 

'^^{x,t) = '^06'''''-^* traveling to right (10-11) 

*^(x,t) = ^oe"^''''"''^* traveling to left (10-12) 



• The wavefunction ^'(a;, t) is complex, the SE describes how the complex wave- 
function propagates in space and time. 

• The SE is non-relativistic. 

• The SE is linear, i.e. if ipi, ip2 are solutions, so is = ciipi + C21P2, where ci,C2 
are arbitrary complex numbers: superposition priniciple for waves. 
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Figure II: Snapshot in complex plane at fixed time reveals both magnitude of mo- 
mentum hk (via periodicity A = ^ of wavefunction) and direction of travel (direction 
of momentum) via chirality in complex plane, left-handed vs. right-handed screw. 




Figure III: |^'(a;,t)p is the probability density (probability per unit length) of finding 
the particle at some position in space. 



Interpretation of the wave function ^{x,t) 

If we perform a measurement of the particle's position at time t, the probability of 
finding the particle between x and x-\-dx\s given by \^{x, t)\'^dx. The SE is a partial 
differential equation (contains both ^ and ^). Since V{x) is independent of time, it 
can be sini])lified into U\x) ordinary differential equations. 



ansatz. 



^{x,t)^T{t)^jj{x) 



The SE becomes 



zh^{x)^{t)=T{t) 



2m dx^ 

Dividing by T(t)xp{x) where T{t)ip{x) ^ yields 



+ V{x)ip{x] 



IdT, , 
ih- — (t) 
T dt^ ' 



+ V{x)i){x) 



(10-13) 
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2m dx"^ j '0(x) 

Since the two sides depend on different variables, they must be constants. Call this 
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constant E, it will be the total energy of the system 



dT, 



ih—{t) = ET{t) ^ \T{t) = Ce-'^'l^' 
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The time dependence is simply a phase factor that evolves in time at angular frequency 



E 



^. The equation for i){x) is 



2m dx^ 



+ V{x) \ ^{x) = EiIj{x) 



time-independent 



(10-16) 



H^{x) = E^{x) 



time-independent Schrodinger equation 
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(10-18) 



(10-19) 



is called the time-dependent Schrodinger equation. The time-independent SE: 
Hil){x) = Eip{x) is an eigenvalue equation (operator acting on wavefunction yields 
the same wavefunction, multiplied by a constant E). This is reminiscent of matrices, 
eigenvectors, eigenvalues — > Heisenberg's matrix formulation of QM in 8.05. We call 
a solution ipni^) of the time-independent SE Hipn — Enipn{x) an eigenstate of the 
system, with eigenvalue En. The time-evolution of an eigenstate ipn{x) is then simply 
given by 



*„(x,i)=e-^^"*/Vn(x). 
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Our task is to find all eigenstates ipnix) and corresponding eigenvalues E^. Then, as 
we will show later, the problem is solved completely: An arbitrary state that solves 
the SE can be written as an superposition of eigenstates. The eigenvalues En may be 
discrete values (as in the Bohr atom), or they may form a continuum (e.g., energies 
of a free particle). More generally, a solution '^^(a;) of the SE Hi/jEix) = EiPe{x) for 
energy E is called an energy eigenstate or energy eigenfunction of the system. 
We will encounter other eigenvalues equations, e.g. for momentum, position, angular 
momentum etc. For now, thinks of iPe{x) as a solution of the differential equation. 



2m dx'^ 



+ V{x)iPe{x) = EiPe{x) 



(10-21) 



with energy as a parameter. Let us work out a particularly simple example. 
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Figure IV: Infinite well. 



Particle in a box with infinite walls 



2m dx^ 



(10-22) 



implies that '^{x) = where V — > cxd (otherwise E or curvature have to by infinite) = 
i){x) = for X < or x > a For < x < a we have, 



2m dx^ 



or 



2mE 



ijj{x) 



(10-23) 
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If < 0, the solutions are of the form e±*^^ with P = We require the 

wavefunction ijj{x) to be continuous (no steps), otherwise becomes infinite. To 
make V'(O) = for tp = Ae^^ + Be~^^, we need A = —B, but then ip{a) ^ 0, and ijj 
is not continuous. There are no solutions for negative eigenvalues E. 

For E > 0, the solutions are of the form e^^'^^ with fc^ = (or sinfcx, coskx). 
The allowed values of E or k are determined by the boundary conditions. Writing 
tpix) = Ae'^"" + 5e-^*^^, we need A = -B for ?/'(0) = A + B = Q. Then for t/' = 
we need Ae'^"" - Ae-'^"" = ^(e^'^" - e"*'''^") = 2iAsinA;a = 0. This is fulfilled only if 
ka = nn OT kn = n-, n = 1, 2, 3, . . . {n = 0, ip = 0). Therefore the eigenvalues are 



Er, 



h kji 
2m 



2_2 



n 



n 



1, 2, 3, ... energy eigenvalues 



with corresponding eigenfunctions 



tpnix) = CnSinknX — C„ siu (rnr—^ 



where C„ is some complex constant. The above is a general feature of QM. The 
boundary conditions on the wave function force the quantization of energy levels, i.e. 
allow only discrete energy values. 
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Figure V: Most de Broglie wavelengths lead to destructive interference. 




Figure VI: Eigenstates of box with infinite walls. 

Reason. Constructive interference, stationary phase after one round trip, for other 
energies iJj interferes away. In order to interpret |'?/'n(2^)P ^-s a probability we need to 
normalize it so the probability to find the particle anywhere in space is unity 



Normalization of wavefunction (10-25) 



Here rfa;|V'n(a;)P = | C„ p /q" rfx sin^ (nvrf) = |a|C„p = 1 

An overall global phase of the wavefunction has no physical consequences so we 
choose Cn real. We ob tain 

[2 . f x\ 
Un — y - sm ymr— j 

normalized eigenstates of the square well n — 1,2,3, . . . {0 < x < a, Un — 0, other- 
wise) 

Note. The minimum energy of the particle in the box is not zero, but given by the 
ground-state energy Ei — This is sometimes called the zero-point energy. 



dx\ip{x)\" 
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